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The plane-e las t ic i ty  problem of the equilibrium of a sys tem of uniformly distributed 
c racks  of equal length intersect ing in a single point is considered.  The system is 
located with concentrated forces  applied to the tips of the wedges cut out by the cracks  
and acting along the b i sec t r ices  of the wedges. An analytical  express ion is found for 
the s ingulari ty coefficient of the s t r e s s  field at the tip of the c racks .  

1. The p lane-e las t ic i ty  theory  of the equilibrium of a sys tem of uniformly distributed radial  c racks  
of equal length emerg ing  into a round cavity was considered in [11. This problem is of interest  from the 
point of view of the rupture of brittle solids by the explosion of long cyl indrical  charges .  There may be 
two kinds of loading - the f i rs t  in which a constant p r e s su re  is applied both to the boundary of the cavity 
and to the borders  of the c racks ,  and the second in which a constant p r e s su re  is applied to the boundary of 
the cavity while the borders  of the c racks  are  s t r e s s - f r e e .  A numerical  solution was given in [1] for the 
f i rs t  mode of loading in the case of one o r  two cracks~ 

The limiting case of the problem for an infinitely small  radius of the cavity was considered in [2], 
in which an analytical  solution was given for  the equilibrium of a system of uniformly distributed c racks  
of equal length in tersect ing at a single point and loaded with a constant p re s su re  applied to the borde r s  of 
the c racks .  An approximate analytical  solution of this problem was obtained in [3]. 

In this paper  we shall cons ider  the equilibrium of a s imi la r  sys tem of c racks  loaded with concen-  
t ra ted  forces  applied to the tips of the wedges cut out by the cracks  and directed along the b i sec t r i ces  of 
these wedges. This presentat ion of the problem cor responds  to that of [1] for  the second mode of loading 
in which the c r ack  length is much g r ea t e r  than the radius of the cavity. 

Using the W i e n e r - H o p f  method we shall  obtain a solution for the paired integral  equations derived 
in [2], but with different boundary conditions. We shall give an analytical  solution for the singulari ty co-  
efficient of the s t r e ss  field at the tip of the crack.  

Let there  be n radial  c racks  of unit length in a thin infinite elast ic plate. The angles between neigh- 
bor ing c racks  are  2~r/n. The borders  of the c racks  are s t r e s s - f r e e .  To the tips of the wedges formed by 
the cracks  we apply concentrated forces  Q, acting along the b i sec t r i ces  to the angles of these wedges. 

The s y m m e t r y  of the problem allows us to cons ider  one such wedge on its own. We introduce a polar  
coordinate system (r, 0 ). Let the wedge occupy a region 0 < r < ~, [ 0 I -< ~/n. 

It follows f rom the s y m m e t r y  of the problem that 

%0--0 for I O l = a / " ,  O < r < c o  (1.1) 
~ = 0  for ]O[-=a , ' r ,  l < r < ~  

Here ar0 is the s t r e s s - t e n s o r  component, and v is the tangential  component of the displacement vec -  
to r .  

In o rde r  to descr ibe the action of the concentrated force applied to the tip of the wedge, let us con- 
s ider  the action of such a force on a free infinite wedge, on the boundaries of which the conditions cr 0 0 =0, 
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err0 =0  a r e  s a t i s f i e d  f o r  [ 0 [  = ~ r / n .  T h e  f o r c e  Q a c t s  a l o n g  t h e  0 =0  a x i s .  T h e  s o l u t i o n  o f  t h i s  p r o b l e m  [4] 

i s  d e s c r i b e d  by an  A i r y  func t ion :  

~t s ---- -- |Q0 ~ .-in aI[2n ,' ,~ + sin 2.~ / ,d -~ . (1.2) 

The  v a l u e s  o f  t he  t a n g e n t i a l  d i s p l a c e m e n t  a t  0 = v / n  a r e  e x p r e s s e d  by  t h e  e q u a t i o n s  

E~ ~ .1 In r - -  B 
A -= 2Q tsin .~ ,) 12.~ ' 1~ -- sin 2.~ / ,~]-I (1.3) 

B = QI2.~:,~ ' - . . i n 2 . ~ l , z l i ( i - - , ' ) s i n 2 ~ l , 1 - - ( t - - , ' ) @ c o s ' J . - l / ' , ~ t _ U ,  s i n ~ / n  " 

H e r e  U 0 is  an  a r b i t r a r y  c o n s t a n t ,  E is  Young~s  m o d u l u s ,  u i s  t h e  P o i s s o n  c o e f f i c i e n t .  We s u b t r a c t  
(1.2) f r o m  t h e  e q u a t i o n s  d e s c r i b i n g  the  p r o b l e m  u n d e r  c o n s i d e r a t i o n .  T h e  b o u n d a r y  c o n d i t i o n s  o f  t h e  d i f -  

f e r e n c e p r o b l e m  m a y  be  d e r i v e d  f r o m  E q s .  (1.1) and  (1.3): 

%o= 0 for 1 0 t = . ~ ' " ,  0 < ~ < o o  (1.4) 
% 0 = 0  for l l t ]  = .'t / , .  O < ~ r < l  
t ' =  "_- (A l n r - -  B) for O =  +.-~/n .  I < r < o c  

Q :: 2 Sill .~,'ll .~ ;,10dr. 
I 

L e t  u s  c o n s i d e r  t h e  s o l u t i o n  o f  t he  p r o b l e m  (1.4).  T h e  f o l l o w i n g  e x p r e s s i o n  w a s  o b t a i n e d  e a r l i e r  2 .  

[2] f o r  t h e  t r a n s f o r m  ,Is a f t e r  a p p l y i n g  a M e l l i n  t r a n s f o r m a t i o n  to  t he  b i h a r m o n i c  e q u a t i o n  f o r  the  A i r y  

f u n c t i o n  ,Ix, a l l o w i n g  f o r  t he  s y m m e t r y  o f  t h e  p r o b l e m  and the  c o n d i t i o n  (1.1): 

t O, .,') = ~ ~t' (,'. O)/--~d," = #7 (0, s) ~" (s) 
0 
t r I . . . .  l )  o~s l t . < - -  i) O] co<_[(~-: '__t)O! .~ 

7: (0 .  s) = 7 ]. (-~ __ 1) ~ i n  Its - l )  ."r/,~] - s i l t  [ (9  a 1) ~/~z] J " 

(2.1) 

We t h e n  o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  a00  

o 

E~  (s) = E I t" It) r ~ - I d r  := q" ( s )  

o 
s I s i n ( 2 s ~ / n )  ' ~ s s i l l 2 x / n  } 

L e t  u s  i n t r o d u c e  t h e  f u n c t i o n s  

and u at t h e  b o u n d a r i e s  o f  t h e  w e d g e  w h e n  0 = r e / n  

(2.2) 

~+ (s) := ~ %0 (r) r Sdr, z -  (s) = zoo (7") rSdr 
1} 1 
1 ec 

<- (') = I 1. ~,.) ,"~-'~Zr, "- (') = I ~" (") ,.,-,~:,. . 
o 1 

It  f o l l o w s  f r o m  c o n d i t i o n s  (2.2) and  (2.3) t ha t  

(2.3) 

a_ (,) = IJ. z_ (.,.) == A " s >- - -  B / , . (2.4) 

I f  we a s s u m e  t h a t  v ( r )  ~ r e a s  r ~  0, w h e r e  a > 0 [the c o n s t a n t  p a r t  o f  v ( r )  m a y  be  e l i m i n a t e d  by  an a p -  

p r o p r i a t e  c h o i c e  o f  U 0] and  a00 ~ r  -1 a s  r--* ~ ,  t h e n  in r e l a t i o n  to  t he  f u n c t i o n s  a_ and v+  we m a y  c o n c l u d e  

[5] t h a t  a_(s )  i s  a r e g u l a r  f u n c t i o n  o f  t he  c o m p l e x  v a r i a b l e  s f o r  Re  s <0 ,  w h i l e  v+(s)  i s  r e g u l a r  f o r  Re  s > - a .  

E l i m i n a t i n g  ~ (s) f r o m  (2.2),  we o b t a i n  t he  f o l l o w i n g  f u n c t i o n a l  e q u a t i o n  f o r  v+(s ) ,  a_(s)  

a_ -- -- k(,)E (r+ + r_) . (2.5) 

I f  we f a c t o r i z e  t h e  f u n c t i o n  k(s)  a s  in [2], we m a y  e x p r e s s  k(s)  in t he  f o r m  

k (,) = K . K _  

S-F .  - -  c (,~) F_ 
K+= l ~ ' s "  K - =  1 -----'--"7~ 

2 a / n  + sin 2a@ 
c(n) = 4sin~ a /n  

(t -- s /a  m) (1 :-  sla,~) 
F ~ ( s ) = F - ( s ) =  I-[ [ l ~ s / ( m n ~ l ) ] [ t - - s / Q m n - - l i ]  " 

(2.6) 
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H e r e  am a r e  t he  r o o t s  of  the  e q u a t i o n  s in  ( 2 s ~ / n ) +  s [ s in(2v/n) ]  =0 in the  f i r s t  s q u a r e  of  the  p lane  s .  
The  func t ion  K+ i s  r e g u l a r  f o r  Re s > - 1 ,  K_ is  r e g u l a r  f o r  Re s <1 and has  no z e r o s  in t h i s  r e g i o n .  L e t  u s  

d iv ide  Eq.  (2.5) by K_: 

o -  I K = - -  K+Ev+ - -  K + E z _  . (2.7) 

The  l e f t - h a n d  s ide  of  t h i s  e q u a t i o n  is  r e g u l a r  f o r  Re s < 0, the  r i g h t - h a n d  s ide  is  r e g u l a r  fo r  Re s > - e .  

Le t  us  s ee  how t h e s e  func t ions  behave  at  inf in i ty :  

c , _ ~ l s l - %  K - ~ I s V " '  as s ~ - o ~  
v+ ~ s -3,'2, K +  ~ s  ~''z as  ~ --~ - i-  co  

( f o r  a_ and v+ the  o r d e r  of  m a g n i t u d e  at  in f in i ty  i s  d e t e r m i n e d  by the  known b e h a v i o r  of  the  so lu t i on  at the  
t i p  of  the  c r a c k  fo r  r =1.)  I t  fo l lows  f r o m  L i o u v i l l e ' s  t h e o r e m  and Eq. (2.4) t ha t  

~_ i so_ = ~_(0) 1 K _  (0) = q t 2 ~ (,~) s i n  ~ / , .  ( 2 . 8 )  

Equa t ions  (2.8), (2.6), and (2.2) d e t e r m i n e  the f o r m  of  the func t ions  ~_ and r  we m a y  e x p r e s s  a l l  
the  p a r a m e t e r s  of  the  s t r e s s e d  s t a t e  in the  f o r m  of  c o n t o u r  i n t e g r a l s  of  the  r e c i p r o c a l  M e l l i n  t r a n s f o r m a -  
t i on  in t e r m s  of  t h e s e .  

L e t  u s  f ind the  s i n g u l a r i t y  c o e f f i c i e n t  fo r  the  s t r e s s e s  at the t i p  of  the  c r a c k .  A c c o r d i n g  to  [5], we 
f ind tha t  i f  a o o ~ N ( r - 1 ) l / 2  as  r - - - l + 0 ,  t hen  a ~ N F ( i / 2  ) Ist i /2 a s  s - -  - 0% Thus ,  in o r d e r  t o f i n d  N i t  i s  
su f f i c i en t  to d e t e r m i n e  the  b e h a v i o r  of  a_ a s  s ~ -  ~ .  If we use  the  equa t ion  [2] 

we f ind tha t  as  s ~ - ~ o  

IF ~- (at.l) F ( 1 + 1 / ,z - -  s / n )  r ( i  - l t ,  - -  s l  ~z) 
F_  (~) = F z (V-t - -  s / n )  ; '  ( l  + t i n )  r ( i  - -  i l i a )  

D ( s ) =  ] - [  ( i - - s / a = ) ( l - - s l ' ~ = )  
[t - -  s/(mn - -  hi4)] 

D(s) 

Q r-' (3/,) Do (") ] /  t 

/ n F (l ~- l / n )  F (l --  i / n )  
Do (n) = l im D (s) = 2v (n) r i  (31t) 

s ~ c o  

F o r  a s y s t e m  of  n c r a c k s  of  l eng th  l we ob ta in  

xV = Q(2u)-'~ [(2,~ 1 n -~- sin 2~ I n)l] -V* . (2.9) 

F o r  n =2 t h i s  e x p r e s s i o n  c o i n c i d e s  wi th  the  c o e f f i c i e n t  of  the  s t r e s s - f i e l d  s i n g u l a r i t y  in the  c a s e  of  a 
p lane  c r a c k  of  l eng th  21 s t r e t c h e d  by c o n c e n t r a t e d  f o r c e s  Q a pp l i e d  to the  m i d d l e  po in t s  of  i t s  b o r d e r s  and 
a c t i n g  a long  the  n o r m a l  to  the  c r a c k  [6]. Us ing  Eq.  (2.9) we ob t a in  the  fo l lowing  e x p r e s s i o n  fo r  the  s t r e s s -  
f i e ld  s i n g u l a r i t y  c o e f f i c i e n t  a t  the  t i p  of  the  c r a c k  in the  e a s e  of  a s y s t e m  of  n r a d i a l  f r ee  c r a c k s  of  l eng th  
l e m e r g i n g  into a c a v i t y  of  r a d i u s  r 0 l o a d e d  wi th  a p r e s s u r e  p: 

~Y = pr0]/'~n-~[(2n / ~ T sin 2n / n)l] -V~, l >> r 0 . (2.10) 
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